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A new technique for determining the surface figure of large submillimeter wavelength telescopes is presented,

which is based on measuring the telescope's focal plane diffraction pattern with a shearing interferometer. In

addition to the instrumental theory, results obtained using such an interferometer on the 10.4-m diam

telescope of the Caltech Submillimeter Observatory are discussed. Using wavelengths near 1 mm, a measure-

ment accuracy of 9 am, or /115, has been achieved, and the rms surface accuracy has been determined to be

just under 30 am. The distortions of the primary reflector with changing elevation angle have also been

measured and agree well with theoretical predictions of the dish deformation. Key words: Shearing

interferometry, radio telescopes, radio holography.

1. Introduction

As radio telescopes are pushed to ever higher fre-
quency operation, the constraints on their surface ac-
curacies become correspondingly more severe. For
operation at 900 GHz, the highest radio frequency at
which mountaintop astronomical observations are fea-
sible, X/10 wavefront accuracy requires a surface root
mean square (rms) error of 17 ym. Since this surface
error includes contributions not only from static errors
but also from elevation angle and temperature depen-
dent distortions of the reflector, the achievement of
such accuracies is a goal which places severe demands
not only on the telescope design but also on the tech-
niques used to measure and set the reflector surface.
Consequently, no currently operational radio-astro-
nomical telescope has a surface accuracy of better than
-30-Mm rms.

The new Caltech Submillimeter Observatory
(CSO) provides a case in point. This telescope, locat-
ed near the summit of Mauna Kea on the island of
Hawaii, is intended for operation in the 200-900-GHz
frequency range. The telescope consists of a segment-
ed 10.4-m diam parabolic primary reflector and a 1.02-
m diam hyperbolic secondary reflector arranged in a
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Cassegrain configuration, with a final focal ratio or F!
No. of 6.5. Since the surfaces of the eighty-four indi-
vidual panels making up the primary reflector are ac-
curate to 5-10-Am rms, the surface errors are expected
to be dominated by panel setting and gravitational
deformation errors. Mechanical measurements indi-
cate that the primary has an rms surface error of -27
,gm at present, but the ultimate goal is to reduce this
error to -15 Am.

To date, the surface figures of high frequency radio
telescopes have been measured by a number of related
techniques, commonly referred to as radio hologra-
phy.2-4 Where two similar telescopes are available,
such as two elements of an interferometric array, one of
the telescopes is used as a reference, by pointing it
directly at a distant point source, while the telescope to
be measured is tipped off-source to map out its far field
pattern.3 The electric field response of the second
telescope to the distant off-axis source is determined
by correlating its signal with that of the reference
telescope at points on a rectangular N X N grid sur-
rounding the source. Since the far field pattern corre-
sponds to the Fraunhofer diffraction limit,5 this grid of
measurements is then numerically Fourier trans-
formed to yield the electric field distribution in the
aperture plane of the telescope under inspection. The
phase of the aperture plane field is then related geo-
metrically to the deviations of the surface from its ideal
parabolic shape.

If only one telescope is available, alternative tech-
niques include installing a second, much smaller refer-
ence telescope nearby,2 6 or mounting an upward look-
ing reference feed horn behind the secondary mirror,7 '8

which views the source directly along the telescope
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axis. Because the collecting area of the reference sys-
tem is much smaller than that of the telescope itself, its
response will be quite weak, necessitating a strong
source, such as a satellite, a nearby transmitter, or an
astronomical maser.8

Although all these variations work quite well, they
all suffer from the practical drawback that two receiv-
ers, and in some cases two entire telescopes, must be
available. On the other hand, the technique of phase-
less holography,49 which reconstructs the aperture
plane phase from a comparison of far field power maps
obtained with the telescope in and out of focus, re-
quires only one receiver. However, because of the high
signal-to-noise ratio required by this technique, a
strong, and therefore nearby transmitter is called for.
Since such a transmitter would necessarily be located
on a nearby mountaintop, dish measurements are pos-
sible only at a single, near-horizon elevation angle.

Because it would clearly be advantageous to use only
one receiver and to measure the dish surface as a func-
tion of elevation angle, an alternate method of per-
forming holographic surface measurements was
sought. Ideally, the measurement technique adopted
should work at a frequency for which the telescope
already has a receiver (in the case of the CSO, near or
shortward of X 1 mm). This constraint eliminates
any techniques which rely on satellite transmitters,
since their frequencies of operation are much too low
(<40 GHz).6"11 Furthermore, since mountaintop
transmitters are also ruled out by the desire to measure
the dish surface over the full range of elevation angles,
sufficient sensitivity is required to allow the use of an
astronomical source. A final desirable characteristic
is variable frequency of operation so that, as the sur-
face is improved, the measurement wavelength can
also be shortened.

In the following, we describe a new holographic mea-
surement technique which meets all these criteria and
is particularly suited for the high frequencies of the
CSO. The succeeding sections outline the theory of
operation of such a device, describe an instrument
designed along these lines, and present measurements
obtained using the instrument on the CSO.

II. The Concept

A. Spatial Measurements

The new measurement technique presented here
arises from an analogy with the two-telescope interfer-
ometric method, wherein the two distinct telescope
reflectors are replaced by two images of a single prima-
ry mirror. The optical arrangement used to produce
these images is shown in Fig. 1. The collimated near
millimeter wavelength radiation from a distant point
source is first focused by the telescope to the Casse-
grain focal plane, and thereafter reexpands to a tertia-
ry off-axis paraboloid (P1). P1 recollimates the radia-
tion and images the primary mirror slightly more than
one focal length beyond itself. A dielectric beam split-
ter (BS), inserted into the beam just before the image
of the primary, splits the radiation polarized normal to
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Fig. 1. Schematic layout of the interferometer optics: P1 and P2,
off-axis paraboloids; BS, Mylar beam splitter; and Ml and M2, plane
mirrors. The double arrow shows the direction of travel of Ml, and
the small arrow and cross, the rotation axes of M2. The light solid
lines indicate the on-axis beam from Ml, and the dashed lines the

off-axis beam from M2.

the plane of incidence into two approximately equal
parts 1 (the second polarization will be ignored hereaf-
ter), resulting in the creation of two equivalent images
of the primary. Plane mirrors Ml and M2, positioned
at these image surfaces, reflect the radiation back to
the beam splitter, where the radiation recombines be-
fore being focused onto a detector by off-axis parabo-
loid P2.

Although this optical setup constitutes a Twyman-
Green interferometer,12 which is a standard instru-
ment for optical surface testing, our point of departure
is rather different from that of the normal optical
usage for two reasons. First, at near millimeter wave-
lengths, there are no arrays capable of measuring pupil
plane fringe patterns directly, so that a single detector
must be used to perform point-by-point measure-
ments. Second, since the normal radio approach is to
use a wavelength much greater than the maximum
wavefront error, there is no 2r phase ambiguity, while
in the optical regime, the counting of fringes allows the
wavelength to be shorter than the path length errors.
The standard Twyman-Green interferometer must
consequently be modified for our purposes.

Consider therefore a rotation of mirror M2 out of the
plane normal to the collimated beam impinging on it.
In a geometric optics viewpoint, such a rotation steers
the beam from the detector off-axis in the Cassegrain
focal plane, and so on the sky also (Fig. 1). Since M2 is
coincident with an image of the primary, a rotation of
M2 is thus equivalent, in the paraxial approximation,
to steering the telescope off source. The image mir-
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rors Ml and M2 are then analogous to the two tele-
scopes in the standard interferometric holography
technique, since from the point of view of the detector,
mirror Ml directs a reference beam toward the source,
while mirror M2 is used to steer a second beam off-axis.

Although this simple geometric description allows
for easy visualization, it is obviously incomplete, since
diffraction is the ultimate cause of the far field pat-
tern13 which we wish to measure. We, therefore, turn
to a discussion of the interferometer which includes
the effects of diffraction but limit ourselves to the
paraxial case, assuming thereby that all F/Nos. in the
system are large, and all off-axis angles small. Al-
though the F/Nos. in the interferometer constructed
are 6.5 at the input and 4 at the output, a discussion of
the effects of moderate F/Nos. is deferred to a later
paper, as is the related question of how far off-axis it is
safe to measure.

In the paraxial approximation, the incoming radia-
tion from an on-axis far field point source (2D2 /X = 216
km at X = 1 mm) produces a diffraction pattern
EC(Xcyc) in the Cassegrain focal plane which is the 2-D
Fourier transform of the aperture plane field.'4 Here
E, is the complex electric field amplitude, and xc and y,
are two orthogonal focal plane coordinates. Further-
more, in the small angle limit, the far field pattern
Eff(ok,,/y) is also the Fourier transform of the aperture
plane field.5 Here O., and qy are small angles in the sky
measuring displacements from the telescope axis in
two orthogonal directions. The far field and focal
plane fields are thus proportional, i.e.,

EC(x,,y,) = CEff(0x',0y)- (1)

Here C is a constant, and the sky and focal plane
coordinates are related via xc = feq'tx and Yc = feq'ky,

where feq is the focal length of the equivalent parabo-
loid.'5 A measurement of the telescope's Cassegrain
focal plane pattern is thus equivalent to measurement
of its far field. With this understanding, the proposed
interferometer can be viewed as a device to examine
the telescope's focal plane pattern. Note that this is
the opposite of normal radio procedure, wherein the
telescope is tipped off-source and the receiver kept on-
axis; here the source is kept on-axis, and the focal plane
field sensed off-axis.

Assuming that the optical elements in the interfer-
ometer have apertures large enough to neglect further
diffraction, and that the instrument itself introduces
no aberrations (a good assumption since P1 and P2 are
oriented so as to partially cancel each other's coma'6),
the interferometer will then transfer two scaled images
of the Cassegrain diffraction pattern onto the instru-
mental output focal plane. With mirrors Ml and M2
both oriented normal to the radiation incident on
them, each arm of the interferometer relays to the
output plane the same field distribution:

1 F,
Eo(x,,yo)= 2 F EC(x,,y,), (2)

2 F,,

where the linear coordinates x0 ,y0 in the output focal
plane are related to those in the Cassegrain focal plane

by xo = (Fo/Fc)xc and yO = (Fo/Fc)yc, with F. and F, the
Cassegrain and output F/Nos., respectively. The fac-
tor 1/2 arises from the assumption of a 50-50 beam
splitter.

In the paraxial approximation, a rotation of mirror
M2 simply translates the diffraction pattern produced
by arm 2 of the interferometer laterally in the output
focal plane to yield the superposition of the two electric
fields:

(3)E,(x0,y0) = F [E,(x, y,) + EC(x, + 2f1O.,yc + 2fiy)],2 F,~

where Ox and Oy are the small rotation angles which
mirror M2 makes with the x and y axes, and f, is the
focal length of P1. A pointlike detector situated at the
center of the diffraction pattern produced by the refer-
ence arm of the interferometer then sees, for mono-
chromatic radiation and fixed OxOYY

F +E0(o,O) = E,(O,O) + E,(2f1 6x,2f1 OY)j. (4)

Since EC is proportional to Eff by Eq. (1), and the 
and 0 terms are related in the paraxial approximation
via feqkx = 2fVA and feqky = 2fAOY, we have

E(OO) = C'[Eff(O,O) + Eff(xty)],

with C' a new constant. Since the detector sees
Eff(Ox~,y) in addition to Eff(0,0), the rotation of mirror
M2 is indeed equivalent to steering the telescope off-
source.

B. Spectral Measurements

Because the far field pattern of the telescope is a
function of frequency, it is necessary to restrict the
spectral bandwidth reaching the detector. Current
practice in the usual forms of radio holography is to use
heterodyne receivers, which necessarily restrict the
bandwidth sufficiently. However, how narrow a band
is actually required? Considering a simply Airy pat-
tern for the moment, the far field pattern will only be
well defined over the entire region examined, if for all
frequencies in the instrumental bandpass, the position
of the outermost measured ring (or sidelobe) of the far
field pattern does not vary by more than about half of
the width of the ring. If measurements are made out
to the nth sidelobe, the required condition is approxi-
mately

nAA< A
D 2D'

(6)

where D is the telescope diameter, X is the wavelength
of the radiation, and AX is its bandwidth. The neces-
sary resolving power, R (- X/AX), thus need only satisfy
R > 2n, implying that a modest resolving power of the
order of 20 is sufficient. (A more exact requirement is
derived in Sec. III.C.)

Consequently, a resolving power as high as that pro-
vided by heterodyne receivers is not necessary. There
is also no need for the phase measurement capability
inherent in the heterodyne technique, because only
relative phases are needed, and these are provided by
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the interferometer. It is therefore feasible to use a
broadband detector, such as a bolometer with a suit-
ably restricted bandpass, bringing with it a major ad-
vantage in terms of extra sensitivity. The signal-to-
noise ratio (SNR) attainable by direct and heterodyne
measurements of a broadband source in the far field
can be compared via' 7

SNRd 2kT Ad

SNRh NEP Avh'

where k is Boltzmann's constant, Tn is the heterodyne
receiver's system noise temperature,' 3 and NEP is the
noise equivalent power of the direct detector.' 8 The
subscripts d and h refer to corresponding direct and
heterodyne parameters, such as the frequency band-
widths Avd and AVh. Inserting typical values for these
parameters at X = 1 mm, Tn - 1000 K, NEP 10-14 W/
Hz1/2 (both referred to above the atmosphere), Avd -
100 GHz, and AVh - 100 MHz, we see that SNRd/SNRh
- 28 for a broadband source in the far field. (Use of a
narrowband near field source would increase the het-
erodyne SNR, but in this case, the flexibility to mea-
sure at different zenith angles is lost.)

Rather than using a narrowband filter to achieve the
desired resolution, it is possible to use the interferome-
ter itself, since it can also function as a Fourier trans-
form spectrometer (FTS), by translating Ml along the
normal to its surface. With M2 oriented to view a
fixed off-axis angle, the superposition of the on- and
off-axis electric fields then generates a cross-power
interferogram which can be Fourier transformed to
yield the response of the telescope at that off-axis angle
as a function of frequency. The use of the interferom-
eter as a spectrometer then lowers the requirement on
the resolving power of the detector itself even further,
and a broadband detector with a resolving power of a
few suffice. The actual spectral resolution of the far
field measurements is determined,' 9 as usual, by maxi-
mum path difference L, attained by the scanning mir-
ror. For a two-sided interferogram with no apodiza-
tion, R = 2L/X, implying a required mirror travel of
only a centimeter or so.

To measure a surface deviation of height e on the
dish, using radiation of wavelength X, the SNR re-
quired with both beams centered on-source is approxi-
mately 3 NX/47re, where N is the number of linear reso-
lution elements across the dish. At a wavelength of 1
mm, to achieve a horizontal resolution of 1 m and a
vertical resolution of 10 ,m, a SNR of -80 is required.
Modifying the formula for the SNR achievable by a
scanning FTS20 for the case of source power given in
units of antenna temperature 3 TA yields, for one po-
larization, scan time t and resolution Av:o -kTAAV [tSNR =EP 4 (8)

Since t = L, where v is the scan velocity and L = R/
2, we get

EkTA A'
SNR -iNEF 8v (9)

where c is the speed of light. Assuming v = 1 cm/s and
Av = 15 GHz, we see that SNR - OTA, with t = 1.5.
To achieve the required SNR with a single scan of the
FTS, the source strength must then satisfy TA > 8 K at
X = 1 mm. Such an SNR can readily be obtained on
several of the planets with a bolometer, but other as-
tronomical sources are too weak.

C. Relationship to Existing Techniques

Neglecting for the moment the spectroscopic prop-
erties of the instrument, the interferometer described
is similar in several regards to shearing and wavefront
tilting interferometers used in the optical and near IR
regions.12,2 ' These are usually designed to examine
the aberrated wavefronts in the pupil plane, since com-
plete interference patterns can easily be seen visually
or with infrared cameras. The novelty of the proposed
interferometer thus lies in its examination of the focal
plane diffraction pattern instead of the pupil plane
and in its polychromatic capability. Both capabilities
of these interferometers have previously been ad-
dressed in a general discussion of the theory of plane
mirror interferometers.22

Direct measurement of a telescope's focal plane pat-
tern has previously been proposed23 through measure-
ments with separate microwave horns located on- and
off-axis in the focal plane. However, this earlier ap-
proach suffers from the practical difficulty that, for the
region nearest the optical axis, both horns need to
occupy the same physical volume. This problem is
obviated in our interferometer since there is only one
detector.

Although the wavefronts from the source are actual-
ly tilted as a result of rotating mirror M2, it is possible
to consider the primary as the object under inspection,
and so come to a slightly different viewpoint. Since
the primary is imaged onto M2, the wavefronts from a
point located on the primary surface are sheared later-
ally by a rotation of M2. We have therefore chosen the
term shearing holography as a descriptive title for the
new measurement technique presented here.

Ill. Theory

A. Combined Spatial and Spectral Measurements

Turning now to a more detailed theory of the inter-
ferometer, we allow for a path difference between the
two arms of the interferometer. For monochromatic
radiation, a pointlike detector situated at the center of
the diffraction pattern from the reference arm of the
interferometer then sees a field (neglecting constants
of proportionality):

E,(x0 = Oy0 = 0,6,k) = t(k)[Eff(O,O,k) exp(ikb) + Eff(0,,Yk)],

(10)

where k is the wavenumber of the radiation, the first
term in the square brackets is the on-axis response
delayed by , the second term is the off-axis response,
and t(k) is the amplitude transmission function
through the entire system of sky, telescope, interfer-
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ometer, and filters. Although t(k) depends somewhat
on the small angles 0x and 0y this is neglected here.

The power from a polychromatic source which hits
the detector for a given 6, 0x, and by is then

(11)I(ck.,k-,) = J T(k)IEff(O,Ok) exp(ik) + Eff(0pyk)12dk,

with T(k) = t(k)12. Expanding this expression,

I(0xOya) = Jf T(k)JIEff(O,O,k)
2 + Eff(0xsYsk)12

+ 2R[Ef(O,0,k)Eff( , Y, k)-ikldk, (12)

where * and ] indicate the complex conjugate and real
part, respectively. The first two terms on the right-
hand side of this equation are independent of 6 and can
be recast in terms of P(0,0) = So~ T(k)IEff(0,0,k)I2dk
and P(6/.,c/y) = f ' T(k)IEff(4xs/yk)2dk, which are the
frequency integrated powers which would be measured
with both mirrors aligned to look down the axis of the
telescope, and both oriented to view the off-axis angles
OX.y, respectively. Extending the spectra as usual5 to
negative k, we thus get

I(Opry6) = P(O,0) + P(oxsy)

+ J T(k)E;f(O,O,k)Eff(OX,y,k) exp(-ik6)dk. (13)

The third term in this equation is the only one which is
a function of 5 and is also the only one which is linearly
dependent on the off-axis field. This oscillatory func-
tion of 6, the cross-power interferogram, is similar to a
normal interferogram, except that the interfering
fields arise in different parts of the input field. If we
consider the input field to be the diffraction pattern
produced by a point source, the two superimposed
fields are fully coherent. Since the actual sources used
were planets, which have finite extent, the effects of

partial coherence are addressed in Appendix B.
Using a rapid scan interferometer with ac coupling,

the first two terms in I disappear, and the measured
quantity Im(kx~y,) will consist solely of the cross-
power term:

Im(Ox"y) = J T(k)E~f(O,O,k)Eff(0,kY,k) exp(-ik6)dk. (14)

This interferogram can be spectrally Fourier trans-
formed to obtain the kernel of the integral and then
normalized by T(k)Ef(O,O,k) to obtain the desired off-
axis response Eff(,X.,yk). However, normalizing in-

stead by S(k) T(k)Erf(O,O,k)Eff(O,O,k), which is di-
rectly measurable, is more useful. S(k), which is the
product of the source power spectrum and the system
transmission, can be obtained from Eq. (14) by invert-
ing the interferogram obtained with M2 aligned on-
axis or

S(k) =f I,, 2 (Os06) exp(ikb)db. (15)

Using this result, we get the telescope's relative off-
axis far field response as a function of k:

Eff(0,0Y,) =S(k) I Im f exp(ik6)d6. (16)

In the ideal case, S(k) is the product of two real
quantities, the source power spectrum and the system
transmission, and so division by S(k) should not affect
the far field phases. However, errors which arise both
from the uncertainty in determining the position of
zero path difference within the interferometer 9 and in
pointing errors of the telescope, render division by
S(k) necessary in practice. For example, off-center
sampling of the interferogram' 9 yields a spectrum
which is the true spectrum multiplied by exp(ikE),
where e is the off-center error. Since both the on- and
off-axis interferograms have the same off-center sam-
pling error, this complex term cancels in the ratio,
leaving the true relative field.

Finally, we use the fact that the aperture plane elec-
tric field at a given k is the 2-D spatial Fourier trans-
form of E(,OI.,,yk). With xap and Yap as linear coordi-
nates in the aperture plane and the usual small angle
approximation, the aperture plane field is, to within a
constant of proportionality,

Eap(XYapk) = ff r(oxoYk)

X exp[ik(x,,Ox + y0 ,Oy)Ik 2 doxdoy. (17)

The spectral and spatial Fourier transforms discussed
separately until now can in fact be combined into a
single 3-D Fourier transform. Redefining the spatial
coordinates on the dish to be x = kxap and y = ky0p, the
complete expression for the aperture plane electric
field as a function of location and wavenumber is then

E0 P(x,y,k) = S(k) J Im(4bx qtyA)

X exp[i(xox + yPY + k6)]dad0xd0Y. (18)

B. Measurement Procedure

The complete dish measurement procedure is then
as follows: The rotatable mirror M2 is first set to a
given angle, and Ml is scanned, generating a cross-
power interferogram which is sampled by a power de-
tector. Because this interferogram contains flux from
both the astronomical source and the atmosphere, the
telescope is next shifted well off-source (about 6 arc
minutes in azimuth in practice), and, with M2 still in
the same orientation, an off-source sky emission inter-
ferogram is obtained, and subtracted from the on-
source interferogram. After mirror M2 is set to a new
position, the procedure is repeated, until M2 has
mapped out a complete N X N grid of far field posi-
tions. The angular spacing of this grid, AIs, is <X
1.2D, to avoid spatial aliasing.24 Currently, -100 min
are required to obtain a complete 21 X 21 point map.

Although it is possible to treat the data three dimen-
sionally from the start, via Eq. (18) it is more conve-
nient first to spectrally transform the interferograms,
yielding a grid of cross-power far field spectra. After
normalizing by the on-axis source spectrum, trans-
forms to the aperture plane are then carried out at each
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k. The phase of the aperture plane field is next cor-
rected for pointing, focus, and secondary centering
errors by mathematically fitting and removing appro-
priate terms25 from the phase. The resultant phase
map is then converted into the geometric deviations
normal to the ideal surface. Finally, the surface error
maps obtained for each spectral channel are averaged
together to improve the SNR. In practice, a total
bandwidth of about half of an octave is most useful
because a broader band suffers from low spatial resolu-
tion at low frequencies and spatial aliasing at high
frequencies.

C. Resolution Considerations

Although the effect of a finite bandwidth on the far
field measurements was touched upon earlier, we now
consider how the bandwidth affects the inverted aper-
ture plane data. Since the far field is sampled on a
discrete N X N grid, the aperture plane data will also
consist of an N X N rectangular grid of data points.
However, because the transform to the aperture plane
requires multiplication by k-dependent terms, the
wavelength independent far field observing grid is
transformed to an aperture plane data grid with wave-
length dependent spacing g given by5 24

g = (19)

As we now show in detail, this implies that the effect of
a finite bandwidth is to smear the aperture plane data
in the radial direction.

We begin by modifying the theory to account for the
limited scan length and far field sampling which must
be used in practice. The spectral resolution is defined
both by the maximum path difference reached by dis-
placing mirror MI, and by the numerical apodization
applied to the data.19 Accounting for both of these
effects with an apodizing function a(a) which is zero
beyond L, and using the subscript m to refer to the
actually measured quantities, we have

rm(kxkyk) = 1 J I (ox~,)a(b) exp(ik6)d5, (20)

or, in terms of the usual convolution integral,5

rm(kxkOyk) = J r(Ox,>,yk')A(k - k')dk', (21)

where A(k), the Fourier transform of a(6), is the instru-
mental resolution function. As usual, the effect of a
limited scan length is to convolve the actual quantity
with the resolution function.l9 (The effect of sam-
pling Im at a discrete number of points has been consid-
ered elsewhere,5"19 and so is not addressed here; the
interferogram need only be sampled finely enough so
that no aliasing occurs.)

Inserting the convolution integral [Eq. (20)] for rm
into Eq. (17) for the aperture plane field, and also
including a spatial windowing function w(ox,oy) which
is zero outside the observed grid of points, to cut off the
angular integrals, the measured aperture plane field is

Eap1m(XapYapsk) = J J [J r(0,,,yk')A(k - k')dk']

X w(q5,,y) exp[ik(xap0 x + yapky)]k 2dckxd0y. (22)

Reversing the order of the integrations,

Eapm(XapYapk) = J dk'A(k - k') J r(oxpyk')

X w(dxky) exp[ik(xap0 , + Yapfy)]k2d0xd0y (23)

The inner two integrals are almost, but not quite, the
standard Fourier transform to the aperture plane.
Because of the outer convolution integral, function r
depends on k', but the exponent on k, and so, the
phases contributing to the field at (xapYap) at wave-
number k', will not be summed properly. However,
the phases will add up correctly if for a given k' we
consider instead the point at

(xa'0 ,y.) = ks (Xapyap) (24)

which is offset radially from (apyap). Since, for high
spectral resolution, A(k - k') is large only for k k',
this spatial offset is small compared to a spatial resolu-
tion element. Making this coordinate substitution in
the exponent then gives

Eapm(xap,yap,k) = J dk'A(k - k')() I I

X r(x,0y,k')w(4x,P) exp[ik'(x x + yap~y)]k2doxdoy. (25)

The 2-D transform to the (ap,yap) plane can now be
done. Because it is the product of r and w which is
being transformed, the result is again a convolution,
giving

Eap,m(XapYaplk) = dk'A 1 (k - k) f J
X a('py k'W(x' - ' k-dx d'p (26)

a EpapYapk W(ap ~ apYap Yapk dapda-(6

Here A'(k - k') = A(k - k') (k/k') 2 is a slightly modified
spectral resolution function, W(x' y k') is the Fouri-
er transform of the windowing function w(Ox,ky) (a
function of k' now), and the double-primed coordi-
nates (X yp) are dummy variables in the (xaP~yap)
plane. In this equation, both A and Wplay the role of
spatial resolution functions. To see this explicitly, we
examine two limiting cases.

First, we assume monochromatic radiation and set
A'(k - k') = 6(k - k'), the Dirac delta function.5 This
implies that (XapYap) = (XapYap) and yields

EPM(XapYaplk= J J Eap(X-p Yp k)

X W(x 0, - xap Yap ap (27)

This convolution of the true field Eap with W is the
usual result for a limited range of far field data5 24 and
identifies W as the spatial resolution function on the
dish.

In the opposite limit, we assume instead that the far
field has been measured arbitrarily far off-axis and set
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function. Equation 6) now gives

Eap,.(xap,yap,k) dk'Eap(xap yk)A(k -k'),

or, more explicitly,

Eap,m(xap,Yap,k) dk'Eap (k, 'p k' y,k')A'(k-k)

delta

(2)

C0

.E
C
P

(29)
50

For each k' which contributes to the spectral bandpass,
the field from a different radial position enters into
this convolution integral. Thus, in this case, the spec-
tral resolution function A'(k) assumes the role of the
spatial resolution function. Since Eq. (28) smears the
data only in the radial direction, the shift in radius p is
given as a function of wavenumber by

AP=_ kR Ak, (0

or, since k' - k,

p k R- 3'

The spatial resolution element Ap is thus proportional
to both the radius and the bandwidth.

In practice, the spectral resolution should be high
enough so that W. and not A, determines the spatial
resolution. For this to be the case, the bandwidth
determined spatial resolution at the edge of the dish,
APede (= D12R), should be much smaller than the
spacing of the aperture plane data grid given by Eq.
(19). Taking the ratio (A\Pedge/g), and solving for the
spectral resolution, we get

R =N QAs ( g )(32)

Since the first term in parentheses should be -1/1.2 to
avoid aliasing in the aperture plane 24 and the second
term should be >t2 to avoid having the bandpass deter-
mine the spatial resolution, we require R >t N11.2.
This agrees well with our earlier estimate (See. IL.B), if
we arbitrarily set n = N12. However, the present
result is much more rigorously established.

IV. Instrumentation

We now turn to the description of the actual inter-
ferometer constructed for use at the CSO. The neces-
sary optical components are quite few, being two nu-
merically milled off-axis paraboloids, two flat glass end
mirrors on gimbal mounts, a 45° flat glass mirror to
send the output beam to a more convenient location,
and a Mylar beam splitter. The paraboloids must be
very much oversized because of beam walkoff induced
by rotation of M2. A polarizing Martin-Pupplett in-
terferometer 26 cannot be used, because mirror M2

must be capable of steering its beam in two orthogonal
directions, while the rooftop reflectors used in polariz-
ing interferometers can steer the beam in one direction
only. Thus, although a polarizing interferometer
would result in a higher SNR ,26 this choice is ruled out.

The effects of atmospheric fluctuations can be

0

I, . , ,---- ' I -l.
400 600 Boo 1 000
Frequency (GHz)

Fig. 2. Solid curve, calculated CSO zenith atmospheric transmis-

sion for 1.5-mm precipitable water vapor; dashed curve, measured

transmission of the filter designed to match the 200-300-GHz atmo-

spheric window. The vertical scaling of this curve is arbitrary.

avoided by scanning the FTS rapidly.20,26 With the
mirror moving at 8 mm/s, a signal at X = 1 mm will be
modulated at 16 Hz, well above the frequencies of sky
fluctuations and detector 11f noise. A simple dc motor
and lead screw attached to a commercial precision
translation stage have been found to give adequately
rapid and linear travel at millimeter wavelengths, the
only difficulty being the suppression of vibrations.
The total usable travel of -35 mm limits the spectral
resolution to 5 GHz. The position of the translating
mirror is determined with a commercial magnetic
transducer, which was calibrated with a He-Ne laser
interferometer. The other interferometer mirror, M2,
is rotated into position with two stepper motors.

The detector used is a Si bolometer27 maintained at
a temperature of 0.32 K in a cryogenic Dewar. The
bolometer is mounted in an integrating cavity behind a
Winston cone concentrator2 The entrance aperture
of the Winston cone is located in the output focal plane
of the interferometer, with a diameter corresponding
to 30 sec of arc on the sky. For comparison, 1.22 (X/D)
is 24 sec of arc at X = 1 mm. This small but finite
detector size does not affect the results greatly, as
explained in Appendix A.

The bandwidth of the radiation reaching the detec-
tor is determined by cold filters inside the Dewar. The
band is limited on the low frequency side by the wave-
guidelike cutoff of the output end of the Winston
cone, 28 and on the high frequency side by a 4.2 K low
pass metal mesh filter.29 The first-order interference
maximum of the Mylar beam splitter also aids in defin-
ing the passband.11 To reject far infrared through
optical radiation, two blocking filters are used: a 14-
mil thick sheet of fluorogold 30 located on the 77-K
radiation shield, and a 25-mil thick piece of quartz31 at
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4.2 K, the latter being antireflection coated with black
polyethylene.

The actual bandpass used was chosen to match the
200-300-GHz atmospheric transmission window evi-
dent on the theoretical curve32 shown in Fig. 2. To this
end, a 325-GHz low pass filter and a 175-ym thick
Mylar beam splitter were employed. As Fig. 2 shows,
the instrumental transmission measured with the in-
terferometer itself is a good match for the atmospheric
window.

V. Experimental Results

A. Cross-Power Interferograms and Spectra

The first test of the interferometer was an examina-
tion of the cross-power interferograms and specta ob-
tained on a distant source. Since the only far field
sources strong enough are planets, which have finite
extent, the effect of a finite source size is discussed in
Appendix B. There it is shown that, as long as the
angular diameter of the source is somewhat smaller
than the angular diameter of the first dark ring of the
telescope's Airy pattern, the loss of coherence is not a
significant problem. The sources actually used were
Venus, Mars, and Jupiter, which at the time of the
measurements had sizes of 28, 23, and 44.5 sec of arc,
respectively. Based on the coherence arguments,
there is no problem with the first two, but there is a
significant loss of coherence near the edge of the dish
for Jupiter. In the final aperture plane maps, this
translates into a lower SNR near the edge of the dish
for Jupiter.

Figure 3(a) shows cross-power interferograms ob-
tained on Mars on 10 Sept. 1988 for three orientations
of M2: the top one with M2 aligned on-axis, and the
middle and bottom ones with M2 aligned to send its
beam to the sky off-axis by 34 and 54 sec of arc, respec-
tively. The atmospheric emission has been subtracted
via an off-source measurement. The cross-power
spectra obtained by Fourier transforming these three
interferograms are shown in Fig. 3(b).

The on-axis interferogram is quite symmetrical and
normal and produces primarily a real, positive spec-
trum, with a small imaginary component introduced
by noise and pointing errors. The bottom interfero-
gram is also reasonably symmetric, but much weaker,
and inverted; the central finge is now negative, and the
entire fringe pattern follows suit, resembling an upside
down version of the top interferogram. As a conse-
quence, the spectrum at this position is also inverted,
being entirely negative (with again a small imaginary
component). Since the spectrum is proportional to
the off-axis field, evidently the far field at this position
is opposite in direction to the field at the center of the
pattern for all frequencies in the band. Such a flip in
field direction is just what occurs in an Airy pattern;
the electric field direction in the first bright ring is
opposite that in the central maximum.12 Thus, the
interferometer has apparently measured the change in
electric field direction correctly. (In general, phase

Cross-power interferograms

0.5
0.
a)

E
0
0-o

-1 0
path difference (cm)

Cross-power spectra

Ci)

C

0 500
Frequency (GHz)

1000

Fig. 3. (a) Cross-power interferograms measured on Mars for three
orientations of mirror M2. (b) Corresponding cross-power spectra.
The solid and dashed lines give the real and imaginary parts of the
Fourier transform, respectively. The arrow indicates the frequency

for which the first dark Airy ring is 34 sec of arc off-axis.

shifts other than a simple 1800 reversal will introduce
imaginary components into the cross-power spectra.)

The spectrum 34 sec of arc off-axis [Fig. 3(b), mid-
dle] confirms this. At this location, the high frequen-
cies have flipped sign, but the low frequencies have
not. Theoretically, the first dark Airy ring produced
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-5 0 5

()
Fig. 4. Measured difference map between two telescope aperture

plane phase maps, one made with and one without a 250-tgm thick
piece of Mylar located at the position of the rectangle in the upper
right quadrant of the dish. The contour levels are +25 jm, the grid
size 15 X 15, and the spacing of the data points 0.85 X 0.85 m. The
small centered circle shows the approximate central obscuration.

by a 10.4-m diam aperture lies 34 sec of arc off-axis for
a frequency of 213.5 GHz, indicated in Fig. 3(b) by the
arrow. Since this frequency is quite close to the posi-
tion at which the spectrum flips sign, evidently at this
position the low frequencies are still within the bound-
aries of the central maximum of the Airy pattern, while
the higher frequencies lie in the first bright ring. As a
result of this loss of phase uniformity across the band,
there is apparently no longer any path difference set-
ting of the interferometer where all the frequency com-
ponents are in phase, and consequently, this interfero-
gram is not symmetric.

The bottom interferogram and spectrum also show
the effect of atmospheric fluctuations: a wobbly base-
line. However, since this variation is slow (i0.5 Hz), it
transforms to very low frequencies (-10 GHz), well out
of the range of interest. This allows observation even
in nonideal conditions.

B. Initial Holographic Tests

The first test of the interferometer's dish measure-
ment capabilities was to introduce a known phase shift
on a small section of the surface, to determine if it
could be detected. To this end, a rectangular sheet of
80- X 50-in. Mylar (index of refraction = 1.75), 0.01 in.
thick, was taped to the primary surface, and the aper-
ture plane phase distribution was measured with the
interferometer on 9 Sept. 1988. To directly see its
effect, this phase map was subtracted from a phase
map made at similar zenith angles the previous day.

. . . . . . . . . . .
-5 0 5

X (m)

Fig. 5. Measured differences between two 21 X 21 point dish sur-

face maps made over similar zenith angle ranges (10° + 7 vs 12 +

8°). For this and all succeeding figures, the solid contours show 10-

jum increments in height above the ideal surface, and the dashed
contours 10-pm decrements below the ideal surface.

The phase difference map obtained by selecting the
270 GHz data from the spectra is shown in Fig. 4. (The
orientation of this, and all subsequent maps presented,
is the view of the dish obtained when tipping the tele-
scope to the horizon and looking at the front surface of
the primary mirror.) Although the resultant spatial
resolution is somewhat limited, the phase shift due to
the Mylar clearly shows up in the correct location, with
approximately the correct amplitude, thus verifying
the basic measurement technique. The figure also
gives some indication of the reproducibility of the
technique, as most of the remainder of the difference
map is blank.

The reproducibility of the surface error maps is,
however, better addressed with data obtained about a
year later, after various improvements to the optical
and data-taking systems. Figure 5 shows the differ-
ence between two surface deviation maps obtained on
Jupiter near zenith on 15 and 18 Nov. 1989. The grid
size and sampling on the dish are 21 X 21 and -0.6 m,
respectively, and the central frequency and resolution,
290 and 10 GHz, respectively. The solid (dashed)
contours give the differences of the surface shapes
measured on the two occasions, in increments of 10 Aum
above (below) the ideal paraboloidal surface. Except
for one small region near the bottom of the map, the
errors within the central 4-m radius show a repeatabili-
ty of <10Am. In the outer meter, the reproducibility
gets worse, likely due to the falloff of the illumination
function seen in the same region (next section), and to
the loss of coherence at the edge of the aperture due to
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the extended source (Appendix B). It is also likely
that the dish itself is not as stable at the edges as at the
center. The rms deviation of the difference map is 13
Mm when weighted by the dish illumination function.

Consequently, the rms deviation of either map from
the mean is -9 Agm, or /115. With a smaller source
and a better illumination of the dish edge, the repro-
ducibility would presumably be better still.

As a final check, aperture plane maps obtained si-
multaneously at widely separated frequencies were
compared. Figures 6(a) and (b) show two maps mea-
sured on Jupiter near zenith, both with 10-GHz band-
width, but centered at 270 and 310 GHz, respectively.

Cl) ~ ~ ~ ~ XM

o '111$ 0 V

r .... ,~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- .. ..CC

-5 0 5

X (in)

Fig. 6. The 21 X 21 point dish surface error maps made with Jupiter
in the zenith angle range of 10° + 7 at the frequencies indicated in

the upper right-hand corners of the maps.

A summed map made by integrating the data from 255
to 325 GHz is shown in Fig. 6(c). There is clearly little
change in the maps with frequency. The absolute
surface error near zenith determined from these maps
is 28 Mm rms.

Because any detected aperture plane phase shift
could arise from. an error on either the primary or
secondary surfaces, aperture plane phase maps were
obtained for two orientations of the secondary mirror,
differing from each other by a rotation of 1200 about
the optical axis. The resultant maps were quite simi-
lar. Likewise, after careful alignment, rotation of the
interferometer by 90° about the telescope axis was also
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Fig. 7. (a) Far field power map made in the zenith angle range of

650 10° on Venus. The contour interval is 3 dB [also for (d) and

(e)]. (b) Aperture plane illumination with 2-dB contours. (c) Aper-

ture plane phase with ±10-jum contours. (d) Calculated far field
power pattern for a 10.4-m dish with a 70-Am dip over the central 3

m. (e) Calculated pattern with uniform phase over the entire dish,
but with a central obscuration of 1.2-m diameter.
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found to leave the measured phases unaffected. Thus,
with the possible exception of some circularly symmet-
ric errors, the phase deviations detected should all be
due to the primary mirror surface.

C. Detailed Far Field and Aperture Plane Maps

We now discuss one set of dish measurements in
more detail. Figure 7(a) presents a typical far field
power map, made from a 21 X 21 grid of observations of
Venus on 18 Nov. 1989. This map was measured over
the zenith angle range of 65° + 10° and consists of 290-
+ 5-GHz data. The beam consists primarily of a well-
defined central peak of -25-sec of arc FWHM and a
broader (80-sec of arc) plateau at the -15 to -20-dB
level. Since the plateau is somewhat asymmetric,
there may be some coma present. There is also evi-
dence at the -24-dB level of linear spurs along the
coordinate axes, most likely due to diffraction off the
four feed legs, which are located in the horizontal and
vertical planes.

Figure 7(b) shows the aperture plane power map
produced from these far field data. This aperture
plane distribution, which results mainly from the illu-
mination pattern of the bolometer on the primary
mirror, is a bit off-center, suggesting that the Dewar
axis is not aligned perfectly with the optical axis. Nev-
ertheless, the illumination is reasonably uniform over
most of the dish and falls off steeply only in the outer-
most meter or so. The hole in the center of the prima-
ry is evident in the figure, being on average 7 dB down
from the ring around it. Since the central hole is the
size of one panel, the central depression indicates that
panel sized errors are quite well resolved with a map of
this size. Surprisingly, the contours curve inward
from the edge along the y-axis, giving a hint of the
blockage due to the vertical feed legs even with this low
resolution. The horizontal feed legs are not evident.
This relative strength is consistent with the far field
power pattern [Fig. 7(a)] in which more power is scat-
tered laterally than in zenith angle.

Figure 7(c) shows the surface deformations deter-
mined from this far field map. Although several fea-
tures are noteworthy, only the central 3-m sized de-
pression of '70-/'m depth is touched upon. This
central depression is also seen in Fig. 6, but because its
top portion is partially filled in by a strong peak of
opposite sign located -2 m above the center of the
dish, it appears to be shifted lower in those maps.
Noting that the ratio of the dish diameter to the central
depression diameter is -3, similar to the ratio of the
sizes of the plateau and main beam components in the
far field map [Fig. 7(a)], it is reasonable to guess that
the two are related. Therefore, an expected far field
pattern was calculated for an aperture with a 7 0-,um
depression in the central 3 m, but which is otherwise
perfect. The amplitude distribution was assumed
Gaussian, with 15-dB edge illumination. As Fig. 7(d)
shows, the calculated far field pattern exhibits a low
level plateau around the main beam, of quite similar
size and height to the plateau seen in Fig. 7(a). In
contrast, simply including the appropriate central ob-
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Fig. 8. (a) Measured telescope surface deformations incurred when
tipping the telescope from 100 zenith angle to 650. Grid size = 21 X
21, and spacing of data points on the dish = 0.6 m. Frequency = 290
+ 35 GHz. (b) Theoretical predictions of the same. Contour inter-
vals for both maps are 10 jum. Solid contours indicate an upward
(toward the prime focus) displacement of the surface when tipping

and dashed contours an opposite movement.

scuration (1.2 m) in the calculations does not repro-
duce the observed plateau [Fig. 7(e)]. Thus, this cen-
tral phase error is clearly related to near-axis structure
in the far field response, and its removal should help
considerably in improving the telescope beam. Based
on crude mechanical measurements, this error is now
thought to lie on the secondary.
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D. Elevation Dependence of the Dish Surface Shape

Finally, in keeping with the initial goals, surface
maps obtained at differing elevation angles were com-
pared to see the deformations incurred when tipping
the telescope. Figure 8(a) shows a map of the devi-
ations normal to the surface which remain after sub-
tracting the high elevation aperture plane map ob-
tained on Jupiter (Fig. 6) from the low elevation Venus
map of Fig. 7(c). The zenith angle ranges for the two
maps are 650 + 10° and 10° + 70, respectively. The
measured elevation dependent deformation shows a
remarkably smooth and laterally symmetric pattern.
The dominant effect appears to be approximately as-
tigmatic, with an additional large dip located -1 m
above the center of the dish. The rms deviation of this
difference map is 28,m.

If both planets were much smaller than the telescope
beam, the fact that the two aperture plane maps were
obtained on different planets would be irrelevant.
However, as already mentioned, since Jupiter's size
was not negligible at the time of the observations, its
map is not very sensitive near the edge of the dish.
Even so, the results are already most encouraging.

Figure 8(b) shows a theoretical prediction 3 3 of the
dish deformation over the same zenith angle range.
The agreement with theory is quite impressive in the
overall shape of the deformations, especially if one
compares the shape of the cuts along the y-axis. The
depression 1 m above center is reproduced almost ex-
actly and is apparently the location where the tele-
scope support bears most of the weight of the telescope
structure.3 4 The pulling on the surface due to the top
feed leg is also apparent as a high spot along the y-axis
between the two depressed regions. The only discrep-
ancy between the measurements and theory is in the
magnitude of several of the deformations; the mea-
sured deformations appear to be higher than predicted
at the sides of the dish and also near the top. Given
the uncertainties in the theoretical calculations at this
point,34 the measured map is expected to be the more
reliable of the two. In any case, it is clear that the new
measurement technique presented here is fully capa-
ble of measuring the elevation dependent distortions
of the reflector.

VI. Summary

To optimize the surface figure of the primary mirror
of the CSO, a new holographic measurement technique
has been devised, which is based on the examination of
two images of the primary with a shearing interferome-
ter. With this technique of shearing holography, dish
measurements can be obtained at the high frequencies
for which the telescope is designed with the use of only
a power detector and simple metal and glass optics-
no heterodyne receiver or correlator is required. The
use of a direct detector provides a substantial increase
in sensitivity over corresponding heterodyne tech-
niques. At the same time, the surface phase errors are
a larger fraction of a wavelength at high frequency, and
so the requirements on signal-to-noise ratio are re-

duced. An additional benefit of using high frequen-
cies is that the optical elements are large compared to a
wavelength, so that there are no additional diffraction
effects to deal with (the secondary diameter is -1000X
at X = 1 mm).

Since the technique of shearing holography is inher-
ently broadband in nature, broadband sources are a
good match for the technique. This allows the use of
astronomical continuum objects, such as the planets,
as far field sources, bringing with it the advantage of
being able to measure the deformation of the dish with
changes in the zenith angle of the telescope.

The technique has been tested on the CSO and been
found to work rather well. In particular, the reversal
of field direction in successive rings of the Airy pattern
has been measured, a known phase shift on the dish
surface has been detected, the surface error maps have
been found to be independent of the frequency select-
ed (except for the expected decrease in resolution to-
ward lower frequency), and a prominent feature of the
telescope beam has been correlated with a large-scale
surface error. However, most importantly, the zenith
angle dependence of the primary reflector shape has
been measured and has been found to agree remark-
ably well with theoretical calculations, thus providing
a method for the near term improvement and eventual
active control of the dish surface.
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eter with the computer system at the CSO; W. Schaal,
D. Vail, P. Schaffer, and B. Ellison for assistance in
constructing the interferometer; J. B. Keene for assis-
tance with the bolometer and filters; D. P. Woody for
providing the OVRO holography software and the dish
model calculations; J. H. Davis, D. Morris, J. H. Lacy,
and again D. P. Woody for illuminating discussions;
and A. Schinkel and the staff of the CSO for endless
on-the-spot assistance. This work was supported by
NSF grant AST88-15132.

Appendix A. Extended Detector

We now discuss the consequences of a nonpointlike
detector. For simplicity, we assume that the exit aper-
ture in the final focal plane corresponds to the actual
detector surface, as in the near infrared case, and ig-
nore the details of the Winston cone. For an extended
detector, Eq. (14) for the measured interferogram is
modified to

Im(¢x^0y6) = J d~dod J T(k)f(&' - ,y-(h)

x Ef(opx - 0XO;, - j0y,k)Eff(0Px,0y,k) exp(-ikb)dk, (Al)

where z represents the detector area, f represents the
responsivity of the detector as a function of position on
its surface, and the detector geometry is described in
terms of projected angles on the sky.

This integral represents a convolution of the desired
quantity Eff with the product of the detector responsi-
vity and the centered electric field pattern Etf. Since
both of these fall off toward the edge of the exit aper-
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ture, they can be combined into a single detector func-
tion. The convolution of the diffraction pattern with
the detector function then implies that, in the trans-
form to the aperture plane, the true aperture plane
distribution is multiplied by the transform of the de-
tector function. Considering the simplest case of a
circular detector with uniform response across the exit
aperture and neglecting the falloff of the centered
term, the transform is an Airy pattern centered on the
dish. Since this multiplies the aperture plane field,
the primary effect of a finite-sized detector on the
aperture plane data is a decrease in measurement sen-
sitivity with radius.

To maintain sensitivity to the edge of the dish, the
diameter d, of the first dark ring of this aperture plane
Airy function must exceed the dish diameter D. Since

d = 2.44-, (A2)
Ad

where 'kd is the detector diameter, in units of its pro-
jected angular size on the sky, the detector diameter
for which the first zero of the aperture plane Airy
function is at the edge of the dish is

kd = 2.44 D-' (A3)

which is equal to the diameter of the first dark ring in
the ideal far field Airypattern. Thus, in angular units,
the detector diameter need only be somewhat less than
the diameter of the telescope's first dark Airy ring (48
sec of arc at the CSO for X = 1 mm). In practice, the
requirement is somewhat less stringent, because both
contributions to the detector function fall off near the
edge of the detector, implying a broader transform in
the aperture plane.

Appendix B. Extended Source

The use of a planet as the source can be treated in a
similar manner to the case of a finite-sized detector.
On the other hand, it is also possible to analyze this
situation with the aid of partial coherence theory.12

Here, rather than following the partially coherent radi-
ation through the entire optical system, and then
transforming back to the aperture plane, we take the
more direct approach of simply examining the spatial
coherence of the field produced by an extended source
in the aperture plane of the telescope.

The van Cittert-Zernike theorem12 says that the
complex coherence between the fields at two points in
the aperture plane of the telescope, due to an incoher-
ent and quasimonochromatic source of small extent in
the telescope's far field, is given by the Fourier trans-
form of the source intensity distribution. Assuming
that the planet can be modeled as a uniform circular
source of angular diameter a, the magnitude of the
coherence between the fields at the center of the tele-
scope aperture and a point at radius p is given'2 by the
magnitude of [2J,(v)]/v, where J, is the Bessel function
of first kind and order, and v = kp/2, with k the
average k in the band. The edge of the dish is com-
pletely incoherent with the center at v 1.22 r or

a = 2.44 - (Bi)

This is identical to Eq. (35), if we replace the detec-
tor diameter by the planetary diameter. Thus, as long
as the planet's angular diameter is smaller than the
angular diameter of the first Airy dark ring (48 sec of
arc for the CSO at X = 1 mm), some coherence is
maintained out to the edge of the dish. Although the
loss of coherence with increasing radius translates into
a loss of sensitivity toward the edge of the aperture,
this is acceptable for a strong source such as a planet.
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